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1. Introduction

In the present analysis, we have discussed the large deflection, plane and radial
displacement and the bending stresses for a clamped circular plate under axially
symmetric non-uniform load by se of Berger's approximate method. In the end, some
particular cases and the family of load shapes have been discussed.

Notations used

Eh® -
D= ————  the flexural rigidity of the plate,
12(1-6?)
h = thickness of the plate
E = Young's modulus,
0 = Poisson's ratio
= Lateral Displacement
= small deflection
u = radial displacement,

o, and o4, = axially symmetric non-uniform load.

Statement of the problem and governing equations

Let us consider a circular plate of radius a, thickness h and flexural
rigidity D whose edge is clamped, We also assume that an axially symmetric non-
uniform load f(r), given by

K o,o:..,o,o[m',n'];....;(m(N),n[N])
f(r)_Ko[l—(r/a) } | 0 (N
P2,q2:--,Pr,qr:[p',q'};....{p( )4 ]

lzl{(r/a)k —1}51 :...,{Zn (r/a) —1}5 NJ

(1.1
Where KO is constant and the I-function in (1.1) is the multivariable I- function of N
variables defined by Prasad [1], is imposed to the plate. If we neglect the strain energy
due to second variant in the middle plane of the plate, then following the Berger's
approximate method [2] the equation for large deflection due to an externally applied
load f, for circular plate, can be given as

2 2
[d_zg gj[d v2v+1d_w_czwj:m:F(r)
dr° r dr /i dr r dr D (say) (1.2)

Where c is the normalized constant of integration given by
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du_u i[d_vvjzczhz
dr r 2.dr 12 (1.3)

Where w, u, h and D are specified above. Since the circumference of the plate is
clamped, the boundary conditions, therefore, for the problems are

dw
w:O:d—where r=a

r
andu=0wherer=a (1.4)
2. Solution of the problem
Let us suppose the solution of the problem in the form
W=sA i) e
éj being the jth root of equation
J@g)=0 (2.2)

And J (X) is Bessel function

Obviously, the boundary condition (1.4) are satisfied by the solution assumed
in (2.1). Combining equations (2.1) and (1.2) with the use of differential formula and
recurrence relation for Bessel functions (3 Vol 11 Ch VII), we arrive at

Ej:Aj &12 (C2 + &J?)]O(r&j ): F(r) (2.3)

Where A;* are the constant to be determined. Multiply both sides of (2.3) by r J, (réj)

and integrate with respect to r between limits O to a and utilize the orthogonal
property of Bessel function [4, Vol. |1, p. 70] to have

2
A= rJ, ra (2.4)
a%e2(c? +&)[3,(ag, )f ¢ I (r)

A general solution to the problem may, therefore, be given in the form
19, (&)~
2
TE2 (24 g )[J (aa

Provided that Fr) is such that the integral and the series in (2.5) are convergent.
Further, appeal to the result.

. ' A (N) ~(N)
Ilyp(l—y)/‘ IO,O....,O.(m,n),...,(m n ) {21(1_ y)gli
0 0.0y o B0y 2P 0, pP(V) q[N]

L Z, (=)™ [ olxy ™ by

(1) (er2p 2| 02

+1j .
K 10,0:...,0, o:o,l:{qm ,_n}
r-1-

F(u+|+1) p2 q2 pr_l,

J IrJ ré (2.5)

I
o
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(m(N)’ n (N))

p, +1,q, +1:[p",q'}.. [p<N>,q(N)]l(az,-:a;,-,a;,-n,pz....;

(by B2 vﬁ;j)l,qz et

, (r-1)
X l—u o, :...,0
[ar—lj a r—1j ar—lj Lo, - wo, N),

Y (r-1) . Y (N)

by By v By g, 1By, By, IBNJ )1q, o
. N s ) -+ s (N

(ay, s, ....,ocfuj))lypN '(ai’“i)l,pv""’(ai ,052 ))l,p(N)

_,U_l;51"“15N);(b'j !ﬁ'j )1,q';---;(b§N)ﬂﬁj(N))lvq(N)
12,,..2,]

v+2p

(-p—

(2.6)
where

N
Re(p +v/k)> -1, Re[,u +1+ 3 5iaij >0,[arg z;| <%7zvi
i—=1

(i=1: " N), o; and U; are given in [1], for i = 1° N leads to

_ 2k, 5 lJo(rétj)_Jo(afj)J
BT g e+ &, (as )T

r[zl +2} | o,o:...,o,o:o,l:(m‘,n‘);...;[m(N),n(N)
K PyyiiPy 0 1Py +LAy +1:[p‘,q‘};...;[p(N),q(N)}

N-1

! n . . ot (N-1) .
“2j %2 Zﬂ (B @y o Oy s

by i B Bar| o Oy By B e,

L 1,0,
(w6 .8, ),(aNj a'y ,...,a(N“j'))LPN (3, ’“1)1,p~;“';

[bN,- B s IB(N:')]MN (—%—2?'—#;51 :...,5Nj:[b'j,lBJl‘q‘;...;
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@) .,
(bEN)"BJ(N))Lq(N) Zyyeens Zn]}

2.7)

2
provided that the condition given in (2.6) (forP:—k— Uigre satisfied.

To obtain the expression for radial displacement u, introducing (2.1) into (1.3)
and integrating with respect to r in view of result [4, vol. Il, Chap. VII, p. 90(9), (10)],
we arrive at

S YN o

24

_%i iAjAtgigtr(éi_ét) [51“}2“51)'

t=]

‘]l(rgt)_gtJZ(rgt)_‘]l(rgj) ]+C1’

(2.8)
Where cl is constant of integration. The boundary condition (1.4), consequently
demands

c*h?a’® 24,22
C, = > _— ZA £a Jz(aafj)

2.9
If the deflection in the plate is small, then letting c= 0, the differential equation (1.2)
corresponds to that for the small deflection cases and the solution (2.7) then leads to

W:ZK

© £ e ]

r(2I +2) lo,o:...:o,o:o,l:(m‘,n‘);...;(m(r),n(r)

[3.r2) - 3,2, )] E (1) (ag, 12F

N+ 1)

K pay b8P #1010 T i o) ]
a2j;aI2j’a"2-J ' '(a "alﬁj e aNLf;jl))lvPNflz
sz;ﬁlzj1ﬂ"2j?1;2 (bN T ﬁlmj Yoy ﬂh:\‘—?)qul'
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(18 8, )(aNJ,a - ’af\:‘))l, N :(aj,aj)lvp,;...;

[bN,- B s IB(N:')]MN (—%—%—ﬂ;é)‘l :...,5Nj:[b'j,lBJl‘q‘;...;

68" 200 2,1

Provided that the conditions aforesaid in (2.8) hold the bending stresses at the surface
of plate which, for the circular plate (2), are given by

6D d’w ©dw
r= ( + !
h? “dr? r dr 211
d’W 1dw
Cp =——5 9 = —),
h dr r dr 212

0 being poisson's ratio, can be obtained by introducing (2.7) into (2.11) and (2.12).
Thus, we find the bending stresses at the centre of the plate to be

ok, 1+6
kh2 (c2)I(ag))f

o (—1)I(a§,-/2)2 r (2”2 [0,0:..10,0:01: (m'-n');..;
=0 |'F(|+1) k p2 q2! !p _11q _1:pN +11q1+1:

@) 0= o=

m(N) (N) {(a 2§ %2y gt By g e
[0 q T [pN) gy | B jiBlais B2 dug, oo i0 i B gy
2D WY CUTHNST. I N CNC AN ) W

By, Ougi BB g oo 156,038,
(a'j’a'j)lp';m;(agN)’aSN))l,p(N) ..

CVON p-?---;(bEN)’ﬁgN))l,q(N) ‘ e o
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And at the edge (r=a) to be

12
12k, 1 2 CDGE) ol
i (C +§j)‘]o(a§j) 1=0 I'r(l-i-l) k

[0,0:...20,0:0,L: (m'",n);..;(m™,nt™) N
Pyl Py Oy _q: Py + 10y +LIpaTalp™,a™)]

Y UL CR e e W G Y.
O i Bas B ot Oy By o B g BB )
- (N))le (a o )lp,.... (a(N) (N))l SN
(_E—%’—y;al ..... 5): (b B i (b(N) ,B(N))lq(N) zn]}
(2.14)
ERRE RN 15

3. Particular cases and conclusions
) WO, the large deflection at the centre may be deducted by putting r= 0 in (2.7)

and is found to be

2k ll_‘]o(af')l
W, = ° J 2 B(fj) (3-1)
kD Z,-:gjz(c2 +&° [Jo(afj)]

Where B(§j), for space brevity, stands for the infinite series of the multivariable H-
function falling in (2.7).

(i) whereas the small deflection at the centre of plate is given by
1-J,(a&,)
Zl ’ J B())- 3.2)
|J (a cf,)F
117
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(iii) If the normal pressure f(r) is of the form
f(r) =K, - (r7a) [ expl2((r 1)< -1)°}
(3.3)

Then, in the view of connecting formula (5, p. 151), the deflection of the plate is given
by
_ [Jo(rﬁ,-)—Jo(aé,-)] » (-1)'(ag;12)*
kD 5 ¢, lcz +§J.2)J[‘]0(a§j)]2 —o NT(1+1)

2' +2

r

12

(3.4)
m,n
Where  P:4" “is the Fox's H- Function, provided that the corresponding conditions
are satisfied.
(iv) If the load shape is assumed of the form

f(r) :KO[ 1—(r/a) ] sin{Zz;((r/a) 1)5/2}

(3.5)
The expression for deflection, in this case may be shown to be

2K iy 1006 -30(a8) 2 (-D'(@g,/2)’
> - 2
k" Tt €I, ag Fo 4

2I+2H%%Z(y5) -
’ ( 1),(0,2), (———?—u 5)

r

(3.6)
Provided that the right side of (3.6) exists.
4. Analysis of the family of load shapes
Ifp2=p3=..=pr=0=g2=qg3=..=qr,N=1
(i.e. H- function is of single variable), m'= 1— 21= 0 1=
al—az—ﬂl [32 n'=2=p'=q.K, - K, o/Tl- ],ai:1+u,
a'2 =-v-a - ﬂ,bl = o,b2 = «, then writt enthe limitwhen b — 0, we have from (1.1)
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F(r) =K, [ (r/a)* ]“(““X—*ﬁ)”)zf[—u,um+ﬁ+1;+1;1—(r/a)k]
(4.1)

Now, we shall discuss the following cases:
i V=L, B,1u>0,then

()
K r[a+ﬂ+2][1 (r1a)" ]p[ oc+,B+2(1 (r/a) )}

f(r) = I'l+a)

(4.2)

Equation (4.2) indicates that f(r) = 0 when r=a and

B+1 ik
=a(————)
(or) a+f+2

(4.3)
Evidently, for positive Kk, f(r) is negative or positive according as

1/k
OgrgaA oraA <r<a
a+p+2 a+p+2

We, therefore, conclude that normal pressure over the plate are bounded by the circle
B+1 )k

O<r<a a+f+2 is acting in —ve direction of z-axis (i.e. onward) whereas in

A)l/k
the annular region a a+p+2 r<a, it is acting in the +ve direction of z-axis
(downward).
(i) Ifwetake V=@ =0=/0,1>0,then
f(r)=K,p-(r/a)}. (4.4)

Equation (4.4), for positive K (K #0), represents an axially symmetric pressure

distribution acting in the positive direction (if KO >0) of different intensities for
different values of parameters K and M
Giiy  Finally, if V=05 @ =B =4 tpen

F(r) = Ko (4.5)
Which stands for a uniform force of magnitude Ko over the plate.
Remark: Evidently, the problem considered here is not without practical interest as we
may have various non-uniform distributions, of thrust at pts of contact when heavy
bodies of different shapes are put on the plate. Also in many practical problems, when

the normal force is given by elementary functions, we can find the solution from the
mains result (2.7) and plot various graphs.
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